Low-energy electronic states in heterosrtuctures formed by ultranarrow layers (single or several monolayers thickness) are studied theoretically. The host material is described within the effective mass approximation and effect of ultranarrow layers is taken into account within the framework of the transfer matrix approach. Using the current conservation requirement and the inversion symmetry of ultranarrow layer, the transfer matrix is evaluated through two phenomenological parameters. The binding energy of localized state, the reflection (transmission) coefficient for the single ultranarrow layer case, and the energy spectrum of superlattice are determined by these parameters. Spectral dependency of absorption due to photoexcitation of electrons from localized states into minibands of superlattice is determined by the ultranarrow layers characteristics. Such a dependency can be used for verification of the transfer matrix and should modify characteristics of optoelactronic devices with ultranarrow layers. Comparision with experimental data shows that the effective mass approach is not valid for description of ultranarrow layer.
I. INTRODUCTION
Multi-layer heterostructures are widely used in different devices, such as bi-or monopolar heterosrtucture lasers, photodetectors and solar cells, see reviews [1] or [2] , [3] , and [4] , respectively. Thicknesses of layers in such structures are varied widely, starting from an ultranarrow layer (UNL) of thickness a or N a (a is the monolayer thickness and N = 1, 2, . . . is a number of monolayers) for a single or several monolayer structures, e.g. the case of the quantum dot sheets with ultranarrow wetting layers, see Refs. 5. The case of N ≫ 1 corresponds to a wide well or a barrier which are described in the framework of the effective mass approximation (EMA) or the kp-method supplied by appropriate boundary conditions at heterointerfaces. [6] Early in the eighties, similar approaches were used for description of abrupt heterojunctions between different bulk semiconductors, see [7, 8] and references in Ref. 8 . The electronic properties of short-period superlattices (SL), i. e. heterostructures formed by periodical UNLs, were studied experimentally and numerically based on different approximations, see Refs. 9 and 10, respectively. These approaches determine the energy spectra of SL only but they are not suitable for consideration of transport and optical phenomena. To the best of our knowledge, an effect of UNLs on these phenomena was not considered in details because the effective mass approximation is not valid over scales ∼ a. If a heterostructure includes UNL, one should consider it as a new object which is described by boundary conditions added to the EMA equations at UNL's positions, z = z 0 . Because heterostructures with UNLs are routinely used in different optoelectronic devices without an investigation of the peculiarities mentioned, it is important and timely to develop an adequate theory of electronic states * fedirvas@buffalo.edu at UNL and to perform a verification of UNL's parameters.
In this paper we consider an UNL placed at {z 0 }, by applying the effective mass approximation (or the kpmethod) for the host material, at z = z 0 , and by using boundary conditions at z → z 0 which describe modifications of envelope functions at UNL. In order to describe low-energy electron states, with energies in the vicinity of the conduction band extremum, in heterosrtuctures formed by UNLs we employ the EMA-approximation in the host material and the boundary conditions at UNLs written through the transfer matrix. The parameters of such a matrix are restricted by the current conservation condition and the boundary conditions are written below for a symmetric UNL, see Figs. 1a -1c (the case of non-symmetric UNL, shown in Fig. 1d will be considered elsewhere). Depending on the diagonal element of transfer matrix τ introduced in Eq. (5), one should separate of UNLs into three categories: (i) a well-like UNL with |τ | < 1, (ii) a barrier-like UNL with τ > 1, and (iii) a nonconventional UNL with τ < −1. These cases are sketched in Figs. 1a -1c , respectively, where thicknesses of layers (filled in by grey) are comparable to a. While the cases (i) or (ii) correspond to EMA description of a narrow well or a barrier at N a → 0, [11] a non-conventional UNL has no simple EMA analogy. In general, it is convenient to characterize the transfer matrix by a dimensionless phase, Θ, and a characteristic wave vector, K, see Eqs. (6) and (7) below. These phenomenological parameters determine a character of low-energy states together with the effective mass (or parameters of kp-method, if energy is comparable to gap of host semiconductor) and they should be determined from experimental data.
Here we have evaluated the transfer matrix which is written through the parameters Θ and K (or through characteristic energy E K ) and have considered electronic properties of different types of single UNLs as well as SL formed by UNLs. We calculated the binding energy of localized state at a single UNL, which appears to be allowed state for the cases (i) and (iii) and to be forbidden state for the barrier-like case (ii). The energy-dependent reflection (transmission) coefficient is found when considering the scattering of electron on UNL. For the SL formed by UNLs, we analyze the energy spectrum, the density of states, and the absorption coefficient due to photoexcitation of localized electrons under THz or mid-IR excitation. In addition, we demonstrate that these properties are modified essentially under variation of the UNL's characteristics and we discuss possibilities for verification of the transfer matrix parameters.
The consideration below is organized as follows. In Sect. II we describe an UNL in the framework of the transfer matrix approach. The single-layer case is considered in Sect. III and the properties of SL formed by UNL are considered in Sect. IV. Discussion on experimental verification of UNL's parameters is performed in Sect. V. Concluding remarks and list of assumptions used are given in the last section.
II. TRANSFER MATRIX APPROACH
Within the one-band effective mass approximation, the electronic states in bulk semiconductor with an UNL placed at z = z 0 is described by the Schrodinger equation:p
Here m is the effective mass andp z is the momentum operator. The second-order differential equation (1) should be solved with the boundary conditions which connect the wave functions and their first derivatives at z 0 − 0 and z 0 + 0. Similarly to the consideration of an abrupt heterojunction case, [7, 8] we write the connection rules for the column Φ z in the form:
The 2 × 2 transfer matrixT is determined by the current conservation requirement and by the symmetry properties of layer.
From Eq. (1) it follows that Φ + zσ y Φ z does not dependent on z if z = z 0 (here and belowσ is the Pauli matrix which connects Ψ z and its derivative). We impose the current conservation requirement at UNL as Φ + zσy Φ z | z0+0 z0−0 = 0. Since two arbitrary states Φ z and Φ z are considered here, the current conservation gives the condition for the transfer matrix:
see similar evaluation for heterojunction in Ref. 8 . Further, we restrict ourselves by the case of symmetric UNL, when Φ z andσ z Φ −z should be determined by the same equations. As a result one obtains the additional condition:σ
and 4 complex parameters ofT should be determined from 8 conditions given by Eqs. (3) and (4). Straightforward calculations give us the transfer matrix
written through real parameters τ , τ 12 and τ 21 . Since the determinant is fixed here, the matrixT depends on two real parameters which should be considered as phenomenological characteristics of UNL. At |τ | < 1, it is convenient to introduce the phase, Θ, and wave vector, K, so that the transfer matrix takes the form:T
which depends on two phenomenological parameters, K > 0 and 0 < Θ < 2π. If |τ | > 1, one can use similar expressions forT ± which is written through the hyperbolic functions:
Here the signs + and − correspond to τ > 1 and τ < −1, respectively. Once again, we suppose K > 0 in Eq. (7) because Θ can have any sign. The explicit expressions for Θ and K can be written for N ≫ 1, whenT can be evaluated within the EMA approximation, for the wide layer cases (i) and (ii). For the N -monolayer well or barrier of the thickness N a with the band offset ∆U and the effective mass m l , one obtains the transfer matrixT orT + given by Eqs. (6) or (7), respectively. The parameters Θ and K are determined by
where the characteristic energy E K is introduced. For the case of InAs well placed in GaAs [12] one obtains Notice, that the nonconventional case τ < −1 described by matrixT − has no analogy with the results for well or barrier described by Eq. (8) within the EMA approximation.
III. SINGLE-LAYER CASE
Here we consider the single UNL placed at z 0 = 0. The localized state, with energy −E 0 < 0, is described by the wave function
where θ(z) is the Heaviside step function, E 0 is the binding energy written through the characteristic size of localization, κ −1 , and Ψ 0 = √ κ is the normalization coefficient. The boundary condition (2) gives us the dispersion relation which determines κ > 0 through the transfer matrix parameters, Θ and E K . As a result, at τ < 1 the binding energy of localized state E 0 is given by:
and there is no localized state for the barrier-like case τ > 1.
In Fig. 2 we plot the dependencies of E 0 /E K versus Θ. If |τ | < 1 then E 0 /E K < 1, moreover a deep level with E 0 → E K is realized at Θ → π/2 and such a dependency is plotted over the interval (0, π) because it is the periodical function. At Θ ≤ π/4 or π − Θ ≤ π/4 a shallow state at UNL is realized. For a non-conventional UNL with τ ≤ −1, a deep level with E 0 /E K > 1 is realized and E 0 → E K if |Θ| ≫ 1 while in the opposite case |Θ| → 0 one obtains the divergent asymptote E 0 /E K ≈ (2/Θ) 2 . These asymptotes are also shown in Fig. 2b . The scattering problem, for an electron with energy E > 0 propagating from the left, is described by the wave function
where Ψ i , Ψ r , and Ψ t are the amplitudes of incident, reflected, and transmitted waves. The wave vector k is connected with the energy E by the standard relation E = (hk) 2 /2m. The reflected and transmitted amplitudes, Ψ r , and Ψ t , are expressed through Ψ i from the boundary condition (2) . Further, we introduce the flows J γ = |Ψ γ | 2h k/m, which correspond to the incident (γ = i), reflected (γ = r), and transmitted (γ = t) waves, and calculate the reflection and transmission coefficients according to R E = J r /J i and T E = J t /J i . Since the particle conservation law, R E + T E = 1, only the reflection coefficient is considered below:
Here F (Θ, z) = F (−Θ, z) and R E is determined by positive Θ; the interval 0 < Θ < π/4 is enough in order to describe the case of UNL with |τ | < 1. Fig. 3 shows the reflection coefficient
Since F (Θ, 0) = 0, there is no tunneling of low-energy electrons through any UNL because R E→0 → 1. If energy increases, R E decrease up to E = E K and, once again, R E → 1 if E ≫ E K . But in the region E ∼ E K behavior of R E is different for |τ | < 1 and |τ | > 1: the well-like case R EK = 0, while for |τ | < 1 the reflection coefficient approaches constant,
IV. SUPERLATTICE
We turn now to the consideration of electronic states in SL of the period l formed by the UNLs placed at z 0 → {rl} , r = 0, ±1, · · · . Based on the boundary conditions (2) at z = rl, below we consider the miniband energy spectrum and calculate the absorption coefficient of doped SL under photoexcitation of localized states.
A. Miniband spectrum
The eigenvalue problem for the periodic system of UNLs is solved introducing a quasimomentum 0 < p ⊥ < 2πh/l and using the Bloch's theorem,
The wave function takes form
where N p ⊥ is the normalization factor. By analogy with the general consideration, [11] the coefficient R(p ⊥ , k) and the dispersion relation between p ⊥ and k are determined from the periodicity requrement and the boundary conditions (2) at z = 0, l. For the UNL with |τ | < 1 we use the transfer matrix (6) and the factor R(p ⊥ , k) takes form
while the dispersion relation is written as follows:
If |τ | > 1 one uses the transfer matrix (7) and the factors R ± (p ⊥ , k) should be written similarly to Eq. (14) but through the hyperbolic functions, ± cosh Θ and sinh Θ instead of cos Θ and sin Θ. The corresponding dispersion relation is given by
As in Eq. (7), here and in R ± (p ⊥ , k) the signs + and − correspond to τ > 1 and τ < −1, respectively. The last case has no analogy with the standard dispersion relations obtained in the EMA approximation, while Eq. (15) and Eq. (16) with + cosh Θ are similar to the results for well or barrier of finite width. [11] The contour plots of the right-hand sides of Eqs. (15) and (16) [here ε l = (h/l) 2 /2m is a small energy corresponding to SL of period l] are presented in Fig. 4 . Here the gap regions, which are above +1 and below −1, are shaded by grey and the dashed curves are plotted at the middle of miniband energies, when cos p ⊥ l/h = 0. For the well-like case, |τ | < 1, the weakly-coupled SL is realized if Θ → 0, π, 2π and far from these points the tightbinding coupling regime takes place, see The dispersion laws ε rp ⊥ = (hk rp ⊥ ) 2 /2m, which are written through k rp ⊥ determined by the dispersion equations (15) or (16) Farther, we consider the density of states which is introduced by the standard formula:
Here we separated the in-plane kinetic energy, ε p = p 2 /2m, which corresponds to the 2D momentum p, and the superlattice contribution, ε rp ⊥ plotted in Fig. 5 . Integration over p gives the 2D density of states, ρ 2D , and ρ E appears to be written through the integrals taken over step function, θ(z):
If E belongs torth gap, the θ-functions for r ≤r should be replaced by unit and ρ E is constant. Inrth miniband (below rth gap), the integral over p ⊥ should be taken over the interval (0, p E ) where p E is found as a root of the equation E = εr pE . As a result, the density of states takes the form:
r, E ⊂rth gap r − 1 + and a ladder-like shape of ρ E is determined by the gap-induced steps with miniband contributions between them.
In Fig. 6 we plot the density of states for the same parameters as in Fig. 5 . Here the thick straight lines correspond to gap contributions with the miniband contributions between them which are similar to arccosine dependencies. One can see that a number of minibands increases with the parameter 4 E K /ε l . An approach to the square-root dependence, corresponding to the bulk density of states, takes place at E/ √ E K ε l >3. Since ρ E is connected directly to the shape of interband optical spectra, see Ref. 6b, the step-like dependencies over the interval E/ √ E K ε l ≤3 permit one to extract UNL parameters which determine the bandstructure of SL. Effect of the above-barrier states on PLE spectra in wide InGaAs/GaAs structure was measured and calculated within the EMA approach in Ref. 12.
B. Absorption coefficient
Using the solutions obtained, we consider below the process of photoexcitation of electrons localized at levels of energy −E 0 into minibands caused by the radiation polarized along SL axis. Such absorption takes place in heavily doped SL formed by the well-like or nonconventional UNLs; we do not consider here the case (ii) which is similar to an ordinary SL, see Ref. 13 . The absorption coefficient α ω is determined by the general Kubo formula as follows:
where ǫ is the dielectric permittivity of the host semiconductor, L 3 stands for the normalization volume, and the matrix element |(δ|v z |δ ′ )| 2 corresponds to transitions between δ-and δ ′ -states of energies ε δ and ε δ ′ . We use the equilibrium distribution f (ε δ ) and take into account ε δ → ε p − E 0 because only localized states are populated. Since transitions are vertical, the energy conservation law and the matrix element do not depend on p and the 2D concentration
2 is the same for any UNL and (19) may be transformed into the sum over different minibands (20) written through the frequency detuning, ∆ω = ω −E 0 /h. The transparency regions take place ifh∆ω belongs to any gap. Ifh∆ω is brought into therth miniband, the corresponding absorption coefficient takes the form
where p ∆ω should be determined from the equation h∆ω = ε rp∆ω . Under the condition κl ≫ 1, the matrix element M rp ⊥ is written through the wave functions (9) and (14) in the form:
for the UNL with |τ | < 1. If |τ | > 1 one should use R ± (p ⊥ , k) in Eq. (22) . Notice, that M rp ⊥ and the velocity dεr p ⊥ /dp ⊥ vanish at the edges of minibands, so that jumps of absorption are possible at edges of absorption regions. Thus, spectral dependencies of α (r) ω appear to be strongly dependent on the transfer matrix parameters and they can be extracted from these data.
The shapes of absorption peaks are determined by Eqs. (21) and (22) and by the dispersion relations εr p ⊥ , as it is shown in Fig. 7 for lower peaks. Here we plotted the dimensionless spectral dependencies α ∆ω /α 0 where There is an essential difference between odd and even peaks due to the inversion symmetry of the eigenstate problem at edges of minibands, when p ⊥ l/h = 0, 2π. The odd peaks are non-symmetric ones, they are higher (see the scaling factors in Fig. 7 ) and more narrow in comparison to the even peaks which are more symmetric and wide. Since the condition κl > 1 is satisfied at l ≥10 nm, a visible (>30%) absorption takes place for 20-layer periodic structure and the mid-IR measurements permit a direct verification of the SL parameters.
V. EXPERIMENTAL VERIFICATION
Next, we briefly discuss possibilities for experimental verification or for ab initio calculations of the UNL's parameters. It is not a simple task because the UNL's parameters affect on response of heterostructure in a complicated way and one needs to design an appropriate structure and to perform special measurements. Also, any first-principle calculations of the UNL's parameters should include both UNL and host material, so that it is necessary to perform calculations on atomic level for a long period SL in order to compare with the results of Sect. IV written through the UNL's parame-ters. Any method used for short-period SL, see [9] and Refs. therein, can be applied providing a generalization for the case of a long host material. Similar calculations for InAs UNL embedded by GaAs together with the measurements of capacitance-voltage characteristics were performed in Ref. 15 and the binding energy of localized state E 0 appears to be ∼60 meV. This value is about 3 times smaller than EMA estimate of E 0 given by Eq. (8) and Fig. 2a . Thus, the EMA-approach is not valid for description of the InAs UNL in GaAs host matrix but a complete determination of parameters Θ and E K is not possible due to luck of data in Ref. 15 .
Below we list a set of papers, where UNLs based on different heteropairs were realized, and discuss possible measurement schemes in order to verify UNL's parameters. Different optoelectronic devices contain the quantum dot sheets with an ultranarrow wetting layer [1] [2] [3] [4] and influence of these layers on electronic states is described by the results obtained here if one neglects the quantum dots effect. UNLs with N ∼5 are widely used in the quantum cascade lasers, [16] where each period contains about 10 layers of different thickness, so that a verification of UNL's parameters is difficult. At least several measurements of InAs UNLs placed into GaAs or AlGaAs matrix [17] as well as results for UNLs in A IV B V I [18] and in A II B V I [19] heterostructures were published. But a verification of UNL's parameters was not performed in these papers and a special investigation for each system is necessary.
All the results obtained in Sect. IV depend strongly on Θ and E K , which determine the transfer matrices (6) or (7), and these parameters can be verified from the spectroscopical measurements. Indeed, the results of Sect. IVB demonstrate that mid-IR (or THz, depending on parameters in question) absorption is strongly varied depending on transfer matrix parameters. The near-IR interband transitions in SL depend essentially on the density of states considered in Sect. IVA for different UNL's parameters. Variations of the near-IR spectra from the bulk case permit one to verify Θ and E K using the electromodulation spectroscopy or the PLE measurements. Beside this, the transfer matrix parameters can be extracted from the transport data but in addition to UNL's parameters, some other characteristics, e. g. scattering rates, should be involved under interpretation of these data.
VI. CONCLUSIONS
In summary, we have re-examined the theory of electronic states in the heterostructures formed by ultranarrow layers taking into account that the EMA approximation can not be applied for description of UNLs. Our consideration is based on the transfer matrix method which was generalized for the case of UNL. It is found that the three types of UNL are possible depending on a value of diagonal element in the transfer matrix (5) . The cases |τ | < 1 or τ > 1 are similar to narrow well or barrier while there is no simple analogy with a wide layer for the non-conventional UNL with τ < −1. The localized level appears at single UNL with τ < 1. The energydependent reflection coefficient of a single UNL as well as the energy spectrum of SL formed by a periodical array of UNLs are different for the cases |τ | < 1 and τ > 1. The spectral dependencies of absorption are analyzed for the case of photoexcitation of localized electrons into SL's minibands. The EMA approach fails to explain the results of Ref. 15 but there is a luck of experimental data for verification of UNL's parameters.
Let us discuss now the main assumptions applied to the consideration performed. Using the single-band Hamiltonian in Eq. (1) we suppose that electron energy E is small in comparison with the gap of the host semiconductor. In order to consider the high-energy states, one needs to use kp-Hamiltonian and more complicated boundary conditions, see similar consideration of abrupt heterojunction in Refs. 8 and 21. In addition, the transfer matrix approach is valid for description of UNL of width N a if N a is less than electron wavelength, i. e. (h/N a) 2 /2m ≫ E. We restrict ourselves by the model of symmetric UNL based on the condition (4). It should be mentioned that the EMA-based estimates given by Eq. (8) are not valid for N ∼ 1 at least for InAs UNLs, see discussion in Ref. 20 . A more complicated consideration is necessary in order to take into account a non-symmetry of UNL; this case will be considered elsewhere. Also, we consider ideal UNL neglecting an in-plane scattering processes or inhomogeneous broadening; this approximation is valid if E exceeds a typical broadening energy. A possible segregation of UNLs (some experimental data for InAs see in [22] ) will not be essential because a shortscale lateral inhomogeneities is realized.
To conclude, we believe that the results obtained will stimulate a verification of phenomenological parameters describing the electronic properties of UNLs using the mid-IR spectroscopy when the valence band states are not essential. These data should be important for applications of heterostructures with UNLs in different devices.
